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Introduction: Foundations of the Neoclassical Model UI\’BC

o In the Solow model, the savings rate is constant and exogenous.
@ In the neoclassical growth model,
= The preferences (utilities) of households are clearly specified.
1 Households choose consumption and investment optimally to maximize their utility.
@ The neoclassical growth model is also called the Ramsey model or the Cass-Koopmans model.
o Difference with the Solow model:

1w The endogenous treatment of savings and labor supply.
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Economic Environment: Preferences (1/5) UNBC

@ Finite horizon and discrete time.
@ The household derives utility from consumption and leisure.

@ Let ¢t = C;/L; and z; be per capita consumption and leisure at time t.

C;: total consumption and L;: population size.

o Preferences are defined over consumption and leisure paths, x = {x¢ };_o, wWith x; = (¢, z¢), and
are represented by the utility function
vw: X* — R
X — %(Xo,xl,...)

6]

X is the domain of x; and is typically R x [0,1].
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Economic Environment: Preferences (2/5) UNBC

@ Preferences are said to be recursive if there exists a function W : X x R — R (often called a
utility aggregator) such that, for any {x;}; .,

w (X07X17 <. ) = W[X07@/ (X17X27 . )]
e Thus, each {x;};_, induces a utility path {%%}}_, according to the following recursion
%t = W (Xt, %t+1)

@ Preferences are additively separable if there exist functions v; such that
%(X) = Z Vi (Xt) .
t=0

@ v;(x¢): the utility at period O from consumption and leisure at period t.
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Economic Environment: Preferences (3/5) UNBC

@ We will assume that preferences are recursive and additively separable.
— The utility aggregator W must be linear in its second argument:
= There exists a function U : R — R and a scalar § € R such that

W(x,y) = U(x)+By.

This implies that
%t = U(Xt) +B%t+1

or equivalently,
U =Y B"U(xtir)
7=0

@ 3 €(0,1) is the discount factor and U is called the instantaneous utility function.
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Economic Environment: Preferences (4/5) UNBC

@ We assume that the maximum amount of time per period is 1. Thus,
X =Ry x[0,1].

@ Special case t =0

oo

U= ioﬁTU(xf) =Y BU(cez:)

7=0

@ 7 is the function that the household seeks to optimize by choosing a path of consumption and
leisure {ct, z¢ }y o
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Economic Environment: Neoclassical Preferences (5/5) UNBC

Assumption 1
The function U must be neoclassical, i.e.:

@ Continuous and twice differentiable.
@ Strictly increasing and strictly concave
Uc(c,z) > 0> Uc(c,2)
U;(c,z) > 0> Uzx(c,2)
UZ, < Ucc Uz
o Satisfies the Inada conditions:

lim U =oo, lim U.=0, limU,=o0 and lim U, =0. 2)
c—0 C—roo z—0 z—1
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Economic Environment: The Firm 1/5 UNBC

@ All firms have access to the same production technology:

— The economy has a representative firm.
@ Factor and product markets are competitive.

@ The aggregate production function for the single final good is
Y(t) = F(Ktal-hAt) (3)
@ K; and L;: demand for capital and labor at time t.

@ A; is the technology at time t.
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Economic Environment: The Firm (1/4) UNBC

Assumption 2

(Continuity, Differentiability, Diminishing and Positive Marginal Products, and Constant
Returns to Scale).

The production function F : Ri — R, is twice differentiable in K and L, and satisfies:

ALy =220 50 FkLay= 22050
. . “4)
F(- F(-
FKK(K,LaA)EW(Z)<O7 FLL(KaL?A)E aLg) <0

Furthermore, F has constant returns to scale in K and L.
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Economic Environment: The Firm (2/4) UNBC

Assumption 3:

(Inada Conditions).

The production function F : Ri — R, satisfies the Inada conditions:

lim Fx(K,L,A)=oco and lim Fx(K,L,A)=0, VYL>0
K—0 K—o0

(5
lim Fi(K,L,A)=c and I|im F (K,L,A)=0, VK>0
L—0 L—yoo )
—> Ensure the existence of interior equilibria;
—> All factors of production are necessary, i.e.
F(0,L,A)=F(K,0,A)=0. (6)
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Economic Environment: The Firm (3/4) UNBC

@ A production function that satisfies assumptions (2) and (3) is called a neoclassical production
function or technology.

@ In intensive notation (i.e., the production function per worker):

Y, K: L
)’tELt_F<LtaLt»At> EF(ktv‘gt)

where A; is assumed constant (equal to 1), ks = K;/L,and ¢ = L, /L.
@ Factor prices:
Rt = Fi(ke,lt) (7N

Wy = FL(khgt) ®)

Komla Avoumatsodo ECON 710 January 07, 2025



Economic Environment: The Firm (4/4) UNBC

@ The time constraint is given by:
b4z < 1. )]

z; and /¢ are interpreted as the fractions of time the household spends on leisure and work,
respectively.

@ Since the economy is closed, the resource constraint (per worker) is given by:
ct+ir < yt. (10)

where /; is the investment per worker at time t.
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Technology and Resource Constraint UNBC

@ The law of motion for the capital stock is:
kiy1 = e+ (1—0)ke. (11)
@ By combining equations (10) and (11), we obtain:
Ct+ kep1 < F (ke b)) +(1—0)ke (12)
o Finally, we impose the following natural non-negativity constraints:

>0, (>0, z>0, k=>0.

@ In equilibrium, the time constraint will be saturated, which implies:

Ktzl—zt. (13)
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Social Planner’s Problem (1/3) UNBC

@ We begin the analysis of the neoclassical growth model by considering the optimal allocation of
a benevolent social planner.

@ The SP chooses the static and intertemporal allocation of resources in the economy to maximize
social welfare.

@ We will later determine the allocations in a decentralized competitive market environment.

@ We will show that the two allocations coincide.
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Social Planner’s Problem (2/3) UNBC

@ The SP chooses a path {c;,l¢, key1}y o that maximizes utility subject to the economy’s resource
constraint, with a given initial ky > 0:

max Uy = "U(ce, 14
{ct:le,ker1}imp ° tgbﬁ (ce 2
ce+ker1 < (1—0)ke + F(keytr), V>0,
Ct > 07 Et S [O, 1], kt+]_ > O, Vit > 0,
ko > 0 given.
@ The household will never choose ¢; =0, k;1 1 =0, ¢ =0, or £ = 1. Why?

= ¢ >0, ¢ €][0,1], ki1 >0 will often be ignored in the solution.
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Social Planner’s Problem (3/3) UNBC

o Let u; denote the Lagrange multiplier for the resource constraint.

@ The Lagrangian for the social planner’s problem is written as follows:

f(): ZBtU(Ctgl_et)—FZ,ut[(]-_é)kt—’_F(ktagt)_kt+1_ct]
t=0 t=0

@ The first-order conditions (FOCs) are:

0%

act :ﬁtUC(Chl—ft)—IJt:O, (14)
0.4

Wf):_ﬁtUz(Ctvl—ft)+ﬂtFL(kta€t):0, (15)
t
PR,

& = —pte+ o1 [(1— 8) + Fic (kes1, Ce1)] = 0. (16)
Oktt1
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Characterization of Equilibrium (1/2) UNBC

@ By combining the above, we obtain:

Uz(Ch]-_ét)

Gelenl=b) oy !

UC(Chl _gt) L( tagt)a ( 7)
Ue(cr,1— L) =1-6+ Fr (ket1,le41). (18)

BUc(cet1,1—Let1)
@ Equation (17) means that the marginal rate of substitution between consumption and leisure
equals the marginal product of labor.

@ Equation (18) equates the intertemporal marginal rate of substitution in consumption to the net
marginal product of capital (including depreciation).

@ The latter condition is called the Euler equation.
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Characterization of Equilibrium (2/2) UNBC

@ Interpretation of equation (17):

Uz(Ct,].*gt) = F/_(kt,ft) X UC(Cta]-*gt) . (19)
——— —— ———
Disutility from working Income from Utility from
one unit of time one unit of work consuming $1

@ Interpretation of the Euler equation (18):

Uc(ce,1—4:) = [1—=0+ Fk(key1,le41)] x BUc(cep1,1—4eqa) - (20)
Utility lost Returnin t+1 Utility of consuming
by saving $1 on $1 invested in t $lint+1

= Impatience: If § decreases, current consumption increases, and future consumption decreases.

1 Return on investment: If it increases, more saving occurs for greater future consumption.
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Social Planner’s Problem: Finite Horizon 1/6 UNBC

Suppose the horizon is finite, T < oo.

@ The social planner’s problem can be written as:

T
max %OZZﬁtU(Ct,].—Kt)
0

{ce.leker1} g =
ce+ker1 <(1—8)ke+ F(keyt), Vt=0,---,T,
>0, £:€[0,1], ki1 >0, Ve=0,---,T,
ko > 0 given.

@ The planner will never choose ¢; =0, {; =0,0r {; =1,Vt=0,---, T.
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Social Planner’s Problem: Finite Horizon 2/6 UNBC

@ For k11 > 0, the decision becomes non-trivial due to the choice at T.

@ We need to introduce a multiplier A; for this constraint.

@ The Lagrangian for the social planner’s problem is:
-

T T
fo = Z ﬁtU(Ct, 1 76[') —+ Z IJ“t [(1 — S)kt —+ F(kt,ft) — kt+1 — Ct] + Z )L’tkt+1'
t=0 t=0 t=0
@ We calculate the FOCs and solve the problem.

@ We can also use the Kuhn-Tucker conditions for optimization with non-negativity constraints.
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Social Planner’s Problem: Finite Horizon (3/6)

Kuhn-Tucker Theorem
Assume x* maximizes the following problem:

f
g 1)

s.t. g1(x) = b1,...,gm(x) = bum,

hl(X)Scly--th(X)SCK-

@ This is a constrained maximization problem.
e M equality constraints,

e K inequality constraints.

@ Assume the constraint qualification condition is satisfied at x*.
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Social Planner’s Problem: Finite Horizon (4/6)

@ Form the Lagrangian:

M K
L=f(x)+ z_;lxm (bm — gm(x)) +k§} tx (ck — hi(x))

@ First-order conditions: find x* such that
dL(x*) B af (x*) M dgm(x*) K dhy (x*)

0Xp OXp _mZ:I;Lm OXp _kZ::l‘uk dxn =0,

foralln=1,..., N, and
h(x) <ck, Mk>0, and g (ck —he(x")) =0,

forallk=1,... K.
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Social Planner’s Problem: Finite Horizon (5/6) UNBC

@ Return to the Social Planner’s (SP) problem. The Kuhn-Tucker conditions with respect to k11

are written as:
0% 0%

>0, k >0 d ——k =0 21
ak_,_+1 =Y T+1 =Y, an 8k7—+1 T+1 (21)
- )bT >0, kT+1 >0, and )uTkT+1 =0.

@ This implies that k71 = 0, meaning the shadow value of k1 is zero.

@ When T = oo, the terminal condition k11 = 0 is replaced by the transversality condition:

t'l"; Hikey1 = 0. (22)

@ This means that the discounted shadow value of capital converges to zero:

(23)

t“glﬁtUc (Cnft) kty1=0.
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Social Planner’s Problem: Finite Horizon (6/6)

Proposition

The path {ct, C¢, ke1};g 18 a solution to the social planner’s problem if and only if the following
conditions hold for all t > 0:
Uz (Ct, 17 t)

Uc(ctalfgt)
UC(Ct,].—Zt)
BUc(ctv1,1—Ley1)

kt+1 = F(kt7€t)+(1—5)kt—ct.

= FL(ktagt)7

=1-6+ FK(kt+1,£t+1)7

The initial condition is
ko >0 (given).

The transversality condition is
tl!}ﬂ BtUc (Ct, 1 —Et) kt+1 =0.
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Application (1/2) UNBC

Consider the following utility function:

1-0 Y
G -1 14
u(ce,le) = ﬁ* 1;}/

@ u is additively separable in consumption and leisure.

@ The intertemporal marginal rate of substitution of consumption is

_ Bu'(ces1)
MRS = i)

@ The elasticity of intertemporal substitution in consumption is

a(CtJ,_]_/Ct) MRS 1

JdMRS .CH,]_/Ct_O-.
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Application (2/2) UNBC

Consider the following neoclassical production function:

Yy = F(Ks, Lt) = AKX L%,

o where 0 < o < 1.
@ F is a Cobb-Douglas production function.

@ Output per worker is given by
Y,
Ve = = Ak
L
o Formulate the Social Planner’s problem and solve it to derive the Euler equation in finite
and infinite horizon.
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